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GEOMETRY OF THE CASSINIAN METRIC AND ITS INNER
METRIC
ZAIR IBRAGIMOV, MANAS RANJAN MOHAPATRA, SWADESH KUMAR SAHOO,
AND XIAOHUI ZHANG
Abstract. The Cassinian metric and its inner metric have been studied for subdomains
of the n-dimensional Euclidean space Rn (n ≥ 2) by the first named author. In this paper
we obtain various inequalities between the Cassinian metric and other related metrics
in some specific subdomains of Rn. Also, a sharp distortion property of the Cassinian
metric under Mo¨bius transformations of the unit ball is obtained.
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1. Introduction
One of the aspects of hyperbolic geometry deals with the comparison of the hyperbolic
metric with the so-called hyperbolic-type metrics. Secondly, invariance and distortion
properties of hyperbolic-type metrics under conformal maps (Mo¨bius transformations in
higher dimensions) also play significant roles in geometric function theory. In recent
years, many authors have contributed to the study of hyperbolic-type metrics. Some of
the familiar hyperbolic-type metrics are the quasihyperbolic metric [7, 8], the distance
ratio metric [22], the Apollonian metric [3, 4, 10, 11, 12, 16, 17], the Seittenranta metric
[21], the Ferrand metric [6, 13, 14], the K–P metric [14, 15, 20], the Cassinian metric
[18], the visual angle metric [19], and the triangular ratio metric [5]. These metrics are
also referred to as the relative metrics since that they are defined in a proper subdomain
of the Euclidean space Rn, n ≥ 2, relative to its boundary. A more general form of
relative metrics has been considered by P. Ha¨sto¨ in [9, Lemma 6.1]. In this paper we
study geometric properties of the Cassinian metric by comparing it with the hyperbolic,
distance ratio, and visual angle metrics. For a quick overview on these metrics, the reader
can refer to the next section. We also discuss the quasi-invariance (distortion) property of
the Cassinian metric under Mo¨bius transformations of the unit ball. Finally, we compute
the inner metric of the Cassinian metric, the so-called inner Cassinian metric, in some
specific subdomains of Rn and study some of its basic properties.
2. Preliminaries
Throughout the paperD denotes an arbitrary, proper subdomain of the Euclidean space
Rn, i.e., D ( Rn. The Euclidean distance between x, y ∈ Rn is denoted by |x− y|. The
standard Euclidean norm of a point x ∈ Rn is denoted by |x|. Given x ∈ Rn and r > 0,
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the open ball centered at x and of radius r is denoted by B(x, r) = {y ∈ Rn : |x−y| < r}.
The unit ball in Rn is denoted by Bn. The closed line segment between two points x and
y in Rn is denoted by [x, y]. Given x ∈ D, the distance δD(x) from x to the boundary ∂D
of D is given by
δD(x) = inf
{|x− ξ| : ξ ∈ ∂D}.
For real numbers r and s, we set r ∨ s = max{r, s} and r ∧ s = min{r, s}.
The Cassinian metric cD of the domain D is defined as
cD(x, y) = sup
p∈∂D
|x− y|
|x− p||p− y| .
This metric was first introduced and studied in [18]. However, a more general form of
this metric was considered by P. Ha¨sto¨ (see [9, Lemma 6.1]).
The distance ratio metric jD is defined by
jD(x, y) = log
(
1 +
|x− y|
δD(x) ∧ δD(y)
)
.
The above form of the metric jD, which was first considered in [22], is a slight modification
of the original distance ratio metric introduced in [7, 8]. This metric has been widely
studied in the literature; see, for instance, [23].
The hyperbolic metric ρBn of the unit ball B
n is given by
ρBn(x, y) = inf
γ
∫
γ
2|dz|
1− |z|2 ,
where the infimum is taken over all rectifiable curves γ ⊂ Bn joining x and y.
The visual angle metric vD, introduced in [19], is defined by
vD(x, y) = sup{∠(x, z, y) : z ∈ ∂D}.
We also consider the quantity pD,
pD(x, y) =
|x− y|√|x− y|2 + 4δD(x)δD(y) .
Note that the quantity pD, which was first considered in [5], does not define a metric (see
[5, Remark 3.1]). However, it has a nice connection with the hyperbolic metric, ρH2 , of
the upper half-plane H2 = {(x, y) ∈ R2 : y > 0}. Namely,
pH2(z1, z2) = tanh
ρH2(z1, z2)
2
=
|z1 − z2|
|z1 − z¯2| , z1, z2 ∈ H
2,
where z¯2 is the reflection of z2 with respect to the real line R (see [5]). Hence it is natural
to ask whether the quantity pD is comparable with hyperbolic-type metrics such as, the
Cassinian metric cD, in more general domains D.
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3. Comparison of the Cassinian metric with other related quantities
This section is devoted to finding upper and lower bounds for the Cassinian metric in
terms of the quantities, defined in Section 2, in some specific domains. We begin with the
comparison of the Cassinian and hyperbolic metrics of the unit ball Bn. Recall that for
all x, y ∈ Bn
(3.1) sinh
(
ρBn(x, y)
2
)
=
|x− y|√
(1− |x|2)(1− |y|2) ,
(see, for example, [2, p. 40]).
Theorem 3.1. For x, y ∈ Bn, we have
(3.2) sinh
(
ρBn(x, y)
2
)
≤ cBn(x, y).
Proof. Without loss of generality, we may assume that |y| ≥ |x|. It is trivial that the
inequality (3.2) holds for y = 0, since x = 0 in this case also.
Hence we assume that y 6= 0. It is easy to see that
inf
z∈∂Bn
|x− z||y − z| ≤
∣∣∣∣x− y|y|
∣∣∣∣
∣∣∣∣y − y|y|
∣∣∣∣
= (1− |y|)
∣∣∣∣x− y|y|
∣∣∣∣
≤ (1− |y|)(1 + |x|)
≤
√
(1− |x|2)(1− |y|2),
where the last inequality follows since |x| ≤ |y|. Now, the formula (3.1) easily yields
sinh
(
ρBn(x, y)
2
)
≤ |x− y|
inf
z∈∂Bn
|x− z||y − z| = cBn(x, y).
Hence the proof is complete. 
Remark 3.2. Inequality (3.2) is sharp in the following sense. For 0 and x in Bn, we use
the formulae
(3.3) cBn(0, x) =
|0− x|
|1− 0||1− x| =
|x|
1− |x|
(see [18, Example 3.9(B)]) and (3.1). It follows that
sinh
(
ρBn(0, x)
2
)
cBn(0, x)
=
1− |x|√
1− |x|2
approaches 1 as x approaches 0.
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It is well known that sinhx ≥ x for all x ≥ 0. This leads to
Corollary 3.3. For x, y ∈ Bn, we have the following sharp inequality
ρBn(x, y) ≤ 2cBn(x, y).
Next, we compare the Cassinian metric and the distance ratio metric in proper subdo-
mains of Rn.
Theorem 3.4. Let D be a proper subdomain of Rn and let x, y ∈ D. Then
jD(x, y) ≤
(|x− y|+ δD(x) ∧ δD(y))cD(x, y).
Proof. We may assume that δD(x) ∧ δD(y) = δD(x). Choose z ∈ ∂D such that δD(x) =
|x− z|. By the triangle inequality, we have that
inf
p∈∂D
|x− p||y − p| ≤ |x− z||y − z| ≤ δD(x)(|x− y|+ δD(x)),
and
cD(x, y) ≥ |x− y|
δD(x)(|x− y|+ δD(x))
≥ 1|x− y|+ δD(x) log
(
1 +
|x− y|
δD(x)
)
=
1
|x− y|+ δD(x)jD(x, y).
This completes the proof of our theorem. 
Corollary 3.5. For x, y ∈ Bn, we have
jBn(x, y) ≤ (1 + |x| ∧ |y|)cBn(x, y) ≤ 2cBn(x, y).
In particular,
jBn(0, x) ≤ cBn(0, x).
Proof. Since x, y ∈ Bn, by Theorem 3.4 we observe that
|x− y|+ δD(x) ∧ δD(y) ≤ |x|+ |y|+ (1− |x|) ∧ (1− |y|)
= |x|+ |y|+ 1− |x| ∨ |y|
= 1 + |x| ∧ |y|.
The desired inequalities follow.

Lemma 3.6. For all x, y ∈ Bn with |x| ∨ |y| ≤ λ < 1 we have
(3.4) cBn(x, y) ≤ 1
(1− λ)2 jBn(x, y).
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Proof. Without loss of generality, we assume that |y| = |x| ∨ |y| ≤ λ. For any w ∈ ∂Bn,
we have
|x− w||w − y| ≥ (1− λ)2,
and hence,
(3.5) (1− λ)2cBn(x, y) ≤ |x− y|.
Now,
jBn(x, y) = log
(
1 +
|x− y|
δBn(x) ∧ δBn(y)
)
= log
(
1 +
|x− y|
1− |y|
)
≥
2|x− y|
1− |y|
2 +
|x− y|
1− |y|
(
∵ log(1 + t) ≥ 2t
2 + t
for t > 0
)
=
2|x− y|
2− 2|y|+ |x− y| ≥ |x− y| ≥ (1− λ)
2cBn(x, y),
where the last two inequalities follow from the inequalities |x−y| ≤ 2|y| and (3.5) respec-
tively. 
The next lemma describes the relations between the Cassinian metric and the visual
angle metric of the unit ball.
Lemma 3.7. The following inequalities hold.
(1) For x, y ∈ Bn we have
vBn(x, y)
2
≤ tan vBn(x, y)
2
≤ cBn(x, y).
(2) For all x, y ∈ B2 with |x| ∨ |y| ≤ λ < 1 we have
cB2(x, y) ≤ 2(3 + λ
2)
3(1− λ2)(1− λ)2vB2(x, y).
Proof. Combining the inequality [19, Theorem 3.11]
tan
vBn(x, y)
2
≤ sinhρBn(x, y)
2
and the inequality (3.2), we have that
tan
vBn(x, y)
2
≤ cBn(x, y).
It is clear that
vBn(x, y)
2
≤ tan vBn(x, y)
2
.
This proves the first part.
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For the proof of the second part, we combine the inequality [5, Theorem 3.9]
jB2(x, y) ≤ 2(3 + λ
2)
3(1− λ2)vB2(x, y).
with (3.4), we obtain
cB2(x, y) ≤ 2(3 + λ
2)
3(1− λ2)(1− λ)2vB2(x, y).
Thus, the proof of our lemma is complete. 
Next, we compare the Cassinian metric cD with the quantity pD.
Theorem 3.8. Let x, y ∈ D ( Rn. Then
pD(x, y) ≤
√
2
(
δD(x) ∧ δD(y)
)
cD(x, y).
Proof. Fix x, y ∈ D and let s = δD(x) ∧ δD(y). Then
pD(x, y) =
|x− y|√|x− y|2 + 4δD(x)δD(y) ≤
|x− y|√|x− y|2 + (2s)2
≤
√
2|x− y|
|x− y|+ 2s ≤
√
2|x− y|
|x− y|+ s
=
√
2
(
δD(x) ∧ δD(y)
) |x− y|(
δD(x) ∧ δD(y)
)(
|x− y|+ (δD(x) ∧ δD(y)))
=
√
2
(
δD(x) ∧ δD(y)
)[ |x− y|
δD(x)
(|x− y|+ δD(x)) ∨
|x− y|
δD(y)
(|x− y|+ δD(y))
]
≤
√
2
(
δD(x) ∧ δD(y)
)
cD(x, y),
where the second inequality follows from [1, 1.58 (13)] and the last inequality follows from
[18, Lemma 3.4]. 
Remark 3.9. Observe that if we take the domain D in Theorem 3.8 to be the unit ball
Bn, then we can see that pD(x, y) ≤
√
2cD(x, y). In fact, if D is a bounded domain in R
n,
then pD(x, y) ≤
(
diam(D)/
√
2
)
cD(x, y).
4. Distortion of the Cassinian metric under Mo¨bius transformations of
the unit ball
In this section we study distortion properties of the Cassinian metric cBn of the unit
ball Bn under Mo¨bius transformations of Bn. Note that the Mo¨bius transformations of
Bn preserve the hyperbolic metric ρBn .
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Let φ be a Mo¨bius transformation with φ(Bn) = Bn and put a = φ(0). If a = 0, then φ
is an orthogonal matrix, i.e., |φ(x)| = |x| for each x ∈ Bn. In particular, φ preserves the
Cassinian metric. That is,
(4.1) cBn
(
φ(x), φ(y)
)
= cBn(x, y) for all x, y ∈ Bn.
Suppose now that a 6= 0. Let σ be the inversion in the sphere Sn−1(a⋆, r), where
a⋆ =
a
|a|2 and r =
√
|a⋆|2 − 1 =
√
1− |a|2
|a| .
Note that the sphere Sn−1(a⋆, r) is orthogonal to ∂Bn and that σ(a) = 0. In particular, σ
is a Mo¨bius transformation with σ(Bn) = Bn and σ(a) = 0. Recall that
σ(x) = a⋆ +
( r
|x− a⋆|
)2(
x− a⋆).
Then σ◦φ is an orthogonal matrix (see, for example, [2, Theorem 3.5.1(i)]). In particular,
(4.2)
∣∣∣σ(φ(x))− σ(φ(y))∣∣∣ = |x− y|.
We will need the following property of σ (see, for example, [2, p. 26]):
(4.3) |σ(x)− σ(y)| = r
2|x− y|
|x− a⋆||y − a⋆| .
It follows from (4.2) and (4.3) that
|x− y| =
∣∣∣σ(φ(x))− σ(φ(y))∣∣∣ = r2|φ(x)− φ(y)||φ(x)− a⋆||φ(y)− a⋆| = (|a
⋆|2 − 1)|φ(x)− φ(y)|
|φ(x)− a⋆||φ(y)− a⋆| ,
or equivalently,
|φ(x)− φ(y)| = |φ(x)− a
⋆||φ(y)− a⋆|
|a⋆|2 − 1 |x− y|.
In particular, for all x, y ∈ Bn and η ∈ ∂Bn we have
(4.4)
|φ(x)− φ(y)|
|φ(x)− φ(η)||φ(y)− φ(η)| =
|x− y|
|x− η||y − η| ·
|a⋆|2 − 1
|φ(η)− a⋆|2 .
Note that since φ(η) ∈ ∂Bn and |a⋆| > 1, we have
|a⋆| − 1 ≤ |φ(η)− a⋆| ≤ |a⋆|+ 1
and hence
(4.5)
1− |a|
1 + |a| =
|a⋆| − 1
|a⋆|+ 1 ≤
|a⋆|2 − 1
|φ(η)− a⋆|2 ≤
|a⋆|+ 1
|a⋆| − 1 =
1 + |a|
1− |a| .
Now given x, y ∈ Bn, there exist η1 ∈ ∂Bn and η2 ∈ ∂Bn such that
cBn
(
φ(x), φ(y)
)
=
|φ(x)− φ(y)|
|φ(x)− φ(η1)||φ(y)− φ(η1)| and cB
n(x, y) =
|x− y|
|x− η2||y − η2| .
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Using (4.4) and (4.5) we obtain
cBn
(
φ(x), φ(y)
)
=
|x− y|
|x− η1||y − η1| ·
|a⋆|2 − 1
|φ(η1)− a⋆|2 ≤
1 + |a|
1− |a|cBn(x, y)
and
cBn(x, y) =
|φ(x)− φ(y)|
|φ(x)− φ(η2)||φ(y)− φ(η2)| ·
|φ(η2)− a⋆|2
|a⋆|2 − 1 ≤
1 + |a|
1− |a|cBn
(
φ(x), φ(y)
)
.
The constant (1 + |a|)/(1− |a|) can be attained for all Mo¨bius transformations φ with
φ(Bn) = Bn and a = φ(0). To see this, it suffices to consider the map σ with σ(a) = 0
for a ∈ [0, e1] \ {0, e1} with e1 = (1, 0, · · · , 0) ∈ Rn since cBn is invariant under orthogonal
transformations. Choose x = 0 and y = te1,−1 < t < 0. Then we have that
σ(x) = a and σ(y) =
|a| − t
1− |a|te1 ∈ [a, e1] \ {a, e1}.
It is easy to see by the formula (3.3) that
cBn(x, y) = cBn(0, te1) = − t
1 + t
.
Furthermore, it follows from [18, Example 3.9(B)] that
cBn(re1, se1) =
s− r
(1− r)(1− s) , 0 ≤ r < s < 1.
This gives
cBn(σ(x), σ(y)) = cBn
(
a,
|a| − t
1− |a|te1
)
=
|a| − t
1− |a|t − |a|
(1− |a|)
(
1− |a| − t
1− |a|t
) = − t
1 + t
1 + |a|
1− |a| .
Therefore, we get
cBn(σ(x), σ(y))
cBn(x, y)
=
1 + |a|
1− |a| .
Thus, we have proved the following theorem.
Theorem 4.1. Let φ be a Mo¨bius transformation with φ(Bn) = Bn. Then
1− |φ(0)|
1 + |φ(0)|cBn(x, y) ≤ cBn
(
φ(x), φ(y)
) ≤ 1 + |φ(0)|
1− |φ(0)|cBn(x, y)
for all x, y ∈ Bn. The equalities in both sides can be attained.
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5. The inner Cassinian metric
Let D ( Rn and γ be a rectifiable curve in D. We define the Cassinian length of γ as
cD(γ) = sup
n−1∑
i=0
cD(γ(ti), γ(ti+1))
where the supremum is taken over all partitions (ti)
n
i=1 of I = [a, b] with t1 = a and tn = b.
Then the inner Cassinian metric is defined as
c˜D(x, y) = inf
γ
cD(γ) = inf
γ
∫
γ
|dz|
(δD(z))2
,
where the infimum is taken over all rectifiable curves γ ⊂ D connecting x and y (see [18]).
First, we establish the monotonicity property of the inner Cassinian metric.
Lemma 5.1. The inner Cassinian metric is monotonic with respect to domains. That is,
if D ⊂ D′, then c˜D′(x, y) ≤ c˜D(x, y) for all x, y ∈ D.
Proof. Given x, y ∈ D, we have
c˜D(x, y) = inf
γ
cD(γ),
where the infimum is taken over all rectifiable curves γ ⊂ D connecting x and y. Since
the Cassinian metric is monotonic ([18, Corollary 3.2]), cD(γ) ≥ cD′(γ) for all such γ and,
consequently,
inf
γ
cD(γ) ≥ inf
γ
cD′(γ).
Since each such γ also connects x and y in D′, we have
c˜D′(x, y) = inf
γ
cD′(γ) ≤ inf
γ
cD(γ) = c˜D(x, y),
completing the proof. 
Next, we compute the inner Cassinian metrics in some special cases.
Example 5.2. For the punctured space D = Rn \ {0}, the inner Cassinian metric c˜D is
same as the Cassinian metric cD and is given by the formula
c˜D(x, y) = cD(x, y) =
|x− y|
|x||y| .
To see this, let f(ξ) = ξ/|ξ|2 be the inversion about the unit sphere Sn−1(0, 1) = {ξ ∈
Rn : |ξ| = 1}. Then f(D) = D and that f is an isometry between (D, cD) and (D, | − |),
where | − | is the Euclidean distance in D (see, [18, Example 3.9(A)]). Since the inner
metric of the Euclidean metric in D is the same as the Euclidean metric itself and since
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(D, cD) is isometric to (D, |− |), we conclude that (D, c˜D) is isometric to (D, |− |). Hence
c˜D is same as the Cassinian metric cD. In particular, it follows from [2, (3.1.5)] that
c˜D(x, y) = cD(x, y) = |f(x)− f(y)| = |x− y||x||y|
for all x, y ∈ D, as required.
Example 5.3. For each x ∈ Bn, we have
c˜Bn(0, x) = cBn(0, x) =
|x|
1− |x| .
It follows from [18, Theorem 3.8] that the line segment [0, x] is a Cassinian geodesic so
that its Cassinian length is equal to cBn(0, x). That is,
cBn([0, x]) = cBn(0, x) =
|x|
1− |x| ,
where the last equality is derived in (3.3). Therefore,
cBn(0, x) ≤ c˜Bn(0, x) = inf
γ
cBn(γ) ≤ cBn([0, x]).
Hence c˜Bn(0, x) = cBn(0, x), as required.
The following corollary is an easy consequence of Lemma 5.1 and Example 5.3.
Corollary 5.4. Given x ∈ D \ {∞}, we have
c˜D(x, y) ≤ |x− y|
δD(x)(δD(x)− |x− y|)
for all y ∈ D with |x− y| < δD(x).
Proof. Set B = B(x, δD(x)). Then as in Example 5.3 we obtain
c˜B(x, y) =
|x− y|
δD(x)(δD(x)− |x− y|)
for any y ∈ B. Now the conclusion follows from Lemma 5.1. 
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